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Abstract — We describe a new efficient continuous geometri-
cal measure of two-dimensional chirality for photonic and
microwave planar meta-materials. Its propertiesinclude inte-
grability, scale-independence, boundedness to awell defined
interval and flexibility as well as applicability towards an
extensive number of chiral geometries. The chirality meas-
ures of various arrangements of standard chiral and achiral
template structures are evaluated and a method for the char-
acterization of (infinite) periodic structures is suggested.

Index terms — Artificially structured surface, polarization,
planar chirality measure, optical activity.

|. Introduction

In recent years progress of both microwave technology
and photonics has found itself closely linked to the
topic of electromagnetic meta-materials, structures
with unique characteristics amongst them the branch
of planar chira materials. The authors of Ref. [1]
found that the effectiveness of optical activity by pla-
nar chiral surfacesis several orders of magnitude larg-
er than that of bulk chiral structures when operating in
the proximity of resonances. Consequently, these pla-
nar chiral materials have attracted alot of attention due
to anumber of new polarization phenomena associated
with them [2-5].

Analogoudly to chirality in three dimensions, a two-
dimensiona structureis chira if it cannot be superim-
posed with its mirror image without having to lift lat-
ter out of the plane. It is now understood that chirality
measures can be introduced in anumber of ways[6-8].
Here, we suggest a new algorithm, which is applicable
to single planar chiral elements and their arrays return-
ing a dimensionless valued chirality measure. It is
independent of scale and, moreover, limited to the
interval [-1,1]. In contrast to the additive nature of the
measures proposed in Refs. [6, 8], we explore a multi-
plicative approach. A method to facilitate the charac-
terization of (in nite) periodic structures is suggested.

I1. Definition of measure

The simplest chiral object in a plane is a set of three
points with different distances between them, i.e. three
vertices of a scalene triangle. Upon construction of a
chirality measure for this set of points, an extension to
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Fig. 1. Three points, vertices of a scaene triangle ABC, are the
simplest planar chiral object; a)-c) depict types of triangles
distinguished by the algorithm depending on the relative posi-
tion of their altitudes BB’ in respect to the baseline vertices AC.

any number of pointsin aplane, e.g. acurvilinear seg-
ment, can be achieved by summing over al possible
three-point permutations [6].

Such a scalene triangle ABC, as seen on Figure 1(a),
with base line AC and altitude BB can be subdivided
into the trianglesBCB and ABB enclosing the areas S,
and S, respectively. Introducing S; idenoting signed

areas, according to whether they are located to the left
of BB as seen from vertex B (positive) or to its right
(negative), allowsto de neQW=S, +S,. Thisresults
into QW =S, - S, for the case of atriangle shaped like
that of Figure 1(a), Q® =S, + S, for Figure 1(b), and
QW=-§, -, for Figure 1(c).

Repetition of these steps choosing BC as base and the
atitude de ned in respect to vertex A results analo-
gously into avalue for Q®@, while AB is chosen as base
line to de ne Q®. Thus, we receive values Q¥ with
respect to all three altitudes of atriangle ABC.

For the chirality measure of the simplest planar chira
or three-point object (triangle ABC) we consider the
dimensionless parameter
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MULTIPLICATIVE MEASURE OF PLANAR CHIRALITY FOR 2D META-MATERIALS

(1) Kasc =QWQ®Q®/d®

where d denotes the length of the largest side of the tri-
angle. Evaluating the product of the values for Q®
guarantees the measure to be equal to zero for isosce-
les and, hence, likewise for equilateral three-point
objects, which are of course mirror symmetric, i.e.
achiral. This multiplicative merger of the in uence
over the combined chirality of a triangle as seen from
its vertices is in contrast to the additive approaches
suggested by Refs. [6, 8].

As a set of three points composes the simplest chiral
object in aplane, investigating the possibility of amost
asymmetric triangle and quantifying its chirality are
imperative. On the abscissa axis of a rectangular coor-
dinate system in the plane of xOy the two points
A (-1,0) and B (1,0) were chosen, while a third point C
is assumed to be located within the rst quadrant.
Figure 2 depicts the dependence of the parameter K g
on the coordinates xC and yC for point C. Accordingly,
three maxima can be found for the function
Kase (XoYo), al of which display equal vaues of
Km = max, , Ksc = 0.0055 and de ne triangles of
scaled, but congruent shape. These three different posi-
tionsfor C inwhich Ky, is reached correspond to trian-
gles with internal angles of 27 , 56 and 97 . As the
de nition of this chirality measure differs from the
approaches considered in Refs. [9] and [10], the forms
of the maximum asymmetric triangles differ as well.
Thisfact is obvious from aconclusion in Ref. [11] that
any asymmetric triangle is most asymmetric in some
chirality measure.
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Fig. 2. Investigating the generic template of a planar chira
structure, three points ABC, the dependence of the chirality
measure K for a standard set of their positions is depicted; here,
vertices A (-1,0) and B (1,0) are fixed, while C (x,, Y.) is being
varied within the rst quadrant of the xy-plane.
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Fig. 3. Examples of planar chiral structures: (a) agrid of asym-
metrically located straight crosses individualy tilted by  in
respect to the main axes of the underlying grid; (b) a matrix of
right-handed gammadions each comprised of four interconnec-
ted arcs spanning an angle of .

The shape of objects more complex than three-point
elements can be represented at any given accuracy by
asuf ciently large number of points located uniformly
within the object. This enables to determine an overall
value for the asymmetry of an object by summing over
all chirality measures for any of its three-point sets. In
order to provide comparability of results when using
different amounts of points, we introduce normaliza-
tion by the number of three-point elements used in an
individual calculation. This number is obviously equa
toM=N(N-1) (N - 2)/6, where N is the total number
of points. Thus we determine the chirality measure of
aset of points as

1w OO2Nd /A6
2 K=~ Qijk Qijk Qijk /dijk J

M izt jmivtk=jn
where the three QU and dj, are the values described
above for a certain selected triangle de ned by the
pointsi, j, k. The measure de ned by (2) can be under-
stood as the average chirality of all three-point ele-
ments available in the set of points describing the
object. Here, this average chirality of any complex
object consisting of large numbers of pointsis general-
ly substantially less than the chirality measure of the
maximum asymmetric triangle described above.
Therefore, it is instrumental to introduce the chirality
index

3)  1=K/Kn

asthe proportionality coef cient associating the chiral-
ity measures of a planar object with the most asymmet-
ric triangle. Thus, the chirality index | will aways
assume values in the interval [-1,1].

Regularly ordered planar structures, either composed
of a nite number of elementsorin nite periodic struc-
tures, can rst of al be chiral because of the chirality
of individual elements and, secondly, due to positional
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