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Harmonic Passive Mode-Locking of a
Single-Frequency Semiconductor Laser Submitted to

Nonlinear Optical Feedback
Céline Guignard, Pascal Besnard, Adrian Mihaescu, and Nikolay I. Zheludev

Abstract—We report on a theoretical analysis of the dynamical
performance of a single-frequency semiconductor laser under the
influence of nonlinear optical feedback. It is shown that the modal
structure of such a laser is both dependent on the mirror charac-
teristics and on the pump current. The analysis concentrates on the
self pulsating regimes that can be observed, and more precisely on
the occurrence of harmonic passive mode-locking. Generation of
short pulses, characterized by a duration around 10 ps and a repe-
tition rates as high as 20 GHz, have been demonstrated. The char-
acteristics of this mode-locking strongly depend on the nonlinear
mirror’s temporal response.

Index Terms—Mode-locking, nonlinear optical feedback, semi-
conductor lasers.

I. INTRODUCTION

THE generation of short optical pulses from a semicon-
ductor laser has been a very active area of research owing

to the potentially major impact that these devices can have in a
broad range of applications from medical science to communi-
cation/signal processing. There are several ways to obtain short
pulses from semiconductor lasers. Gain-switching and mode-
locking are among the techniques the most used to generate
pulse sources. Gain-switching provides a convenient, simple
and compact way of obtaining picosecond pulses [1], [2]. How-
ever, one of the major drawbacks of this method is the spec-
tral purity (large frequency chirp and degradation of the side
mode suppression ratio) of the generated pulses. In comparison,
mode-locking allows shorter pulses with lower jitter and a better
spectral quality but its main problem lies on the greater cavity
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complexity and the limitation to mode locking at a harmonic of
the cavity frequency. Its description is in the frequency domain
and consists in the coupling in phase of optical cavity modes
in order to produce a short pulse [3]. There are three classes of
mode-locking, depending on the way the time-dependent gain
function is generated. Active mode-locking is a technique in
which the gain is externally modulated [4]. This can easily be
done in semiconductor lasers by directly modulating the elec-
trical current, which is possible up to very high frequencies. It
can also be obtained by modulating the laser losses thanks to
an external modulator. Passive mode-locking uses a saturable
absorber for which the medium becomes transparent at a given
threshold optical power. The optical pulse participates itself to
the gain modulation. After the absorber saturates, the center of
the pulse experiences net gain. As the pulse continues to prop-
agate, saturation of the gain medium reduces the gain to below
threshold and shuts off lasing [5], [6]. The third class is hybrid
mode-locking [7], which uses a combination of active and pas-
sive modulation techniques.

There are several methods to achieve passive mode-locking
using semiconductor laser diodes. One method is ion implan-
tation to introduce recombination centers at one facet, which
decreases the carrier recombination time and forms a saturable
absorber [8]. Another approach is to split the gain contact and
reverse bias in one segment to form an integrated waveguide
saturable absorber. A third technique is to use a semiconductor
medium in an external cavity, which operates on an excitonic
absorption transition. Search for materials with large optical
nonlinearities, or for ones that show a response to low-power
optical excitation, as required to obtain good saturable absorber,
has concentrated on media whose optical electrons exhibit a
highly anharmonic response and on organic materials with
weakly bound electrons. The response of the material can
also be considered optically nonlinear if light can stimulate a
structural phase transition and if the new phase has distinctively
different optical properties from the “ground-state” phase
[9]. Such a behavior was recently found in elemental gallium
which exhibits a phase transition to melt at only 29.8 C. It has
been established that the optical reflectivity of a gallium-silica
interface becomes intensity dependent at temperatures below
the bulk melting point [10], [11]. The interface can show up to
30% reversible change in reflectivity when excited with a few
milliwatts of continuous-wave (CW) optical power [10]. The
effect is extremely broadband and fast [12]. It was attributed
in gallium to an optically induced, surface-assisted conversion
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of the -phase to an unidentified phase of more metallic nature
with higher reflectivity [10]. These properties are still under
study [13] and some of the potential applications of such
mirrors have been demonstrated in the literature. Bennett et al.
[10] realized a fully fiberized, all-optical switch which operates
at a wavelength of 1550 nm, requires only a few milliwatts of
switching power, and provides 30% switching contrast. They
also have been used to obtain -switching with a fiber laser
[14], [15].

In this paper, we report on a theoretical analysis of the in-
fluence of a nonlinear external optical feedback (NOF) on the
modal structure and on the dynamics of a semiconductor laser.
In our study, the NOF is provided by a gallium-made mirror
whose basic characterization will be presented in the Section II.
The remaining of this paper will only focus on the numerical
analysis as our nonlinear mirrors can’t be used like external
reflector of our semiconductor laser diodes (as explains in the
first section, the nonlinear thresholds are too high in compar-
ison with the output power and spot size of our lasers). Then,
in Section III, we formulate the model which is a straight for-
ward extension of the Lang and Kobayashi one for conventional
optical feedback (COF). The Section IV presents an analysis
of the stationary solutions (external cavity modes) and their
small-signal properties. The main difference with COF is that
the effective strength of feedback now becomes intensity-depen-
dent, as imposed by the nonlinear reflectivity. The dynamical
behavior is finally analyzed in Section V.

II. EXPERIMENTAL CHARACTERIZATION OF GALLIUM MADE

NONLINEAR MIRRORS

Even if this paper is mainly theoretical, we will start it by
giving some insights of the main properties of gallium-made
nonlinear mirrors. These experimental characteristics will jus-
tify the theoretical model that we are going to use to describe
these mirrors. Our measurements were performed on a silica-
gallium interface (called gallium mirror), produced by the ultra-
fast pulsed laser deposition method [16], [17]. A gallium film,
of about 1–2 m thickness, was deposited by gallium abla-
tion under vacuum 2 10 torr directly on a silica sub-
strate, which was cooled to about 100 C during deposition.
This process deposits amorphous gallium which, as a result of
melting and subsequent solidification, is converted into the de-
sired -gallium phase. It has been established that this type of
interface is of exceptional structural stability [18], able to with-
stand numerous heating and cooling cycles, and exhibiting re-
producible nonlinear optical properties. The gallium mirror used
in this paper is in thermal contact with a temperature stabilized
Peltier unit. It is characterized by a solidification occurring at
28.2 C and a phase transition to melt at 31.2 C. The interface
reflectivity exhibits a hysteresis with approximately 3 C over-
cooling and considerable reflectivity changes (between 25% and
30%) can be observed.

In the following, we will distinguish two states in the gallium
mirror’s reflectivity: the lower state which corresponds to the
mirror’s reflectivity when the gallium is in the -phase; and the
upper state which corresponds to the mirror’s reflectivity when
the gallium is above the melting point.

Fig. 1. Experimental setup used to characterize the nonlinear mirror.

A. Description of the Experimental Setup

A schematic of the experiment is given in Fig. 1. The
nonlinear mirror’s optical response was monitored using a
commercial tunable external cavity laser source (TUNICS
from Photonetics). It covers the 1500–1565 nm spectral range
with a wavelength accuracy of 1 pm. It is a single mode laser
characterized by a suppression mode ratio of at least 30 dB and
an output power ranging from 0 to 5 mW. In order to control the
incident power on the nonlinear mirror, an erbium-doped fiber
amplifier and a variable attenuator follow the laser source. Then
a coupler splits the laser signal: 90% of this signal correspond
to the incident power on the mirror and the other 10% are used
for measurements. The light was focused on the gallium film,
through the silica substrate, at near to normal incidence, to
a spot of approximately 100 m in diameter. Finally, the re-
flected power is collected by an integrated sphere associated to
a detector. In the following, we analyze the dependency of the
mirror reflectivity (i.e., of the incident-reflected powers ratio)
against several parameters. Moreover, the nonlinear mirror’s
optical response is not perturbed by back reflections thanks to
the optical isolator integrated into the tunable source and the
use of angled physical contact (APC) fiber connectors.

B. Polarization Dependence of Reflectivity

It has been established that the nonlinear effects in gallium
mirror are broadband: they are available in the range of wave-
lengthes from 632 nm to 2.8 m [11], [17]. But the reflec-
tivity of the gallium mirror’s lower state depends on the inci-
dent light’s polarization as illustrated in Fig. 2. To realize these
curves, all fibers are polarization maintaining and a polarizer
is introduced between the coupler and the gallium mirror. By
changing the polarization of the incident light, the reflectivity
of the mirror varies from 35% to 70%, as shown by Fig. 2. The
switch from the lower state toward the upper state is character-
ized by a 90 period with respect to the angle of the incident
light’s polarization. This polarization dependency is decreased
when the nominal mirror temperature is below the temperature
of the melting point (i.e., when the mirror is initially in its lower
state) [19]. This phenomenon can be explained by the crystallo-
graphic anisotropy of the gallium [20].

This property shows that the nonlinearity can be controlled
by the polarization. However, such a polarization dependence
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Fig. 2. Interface reflectivity as a function of the polarization of the incident light
when the nonlinear mirror temperature is around 24 C, which corresponds to
the lower state of the mirror (� = 1550 nm, P = 4 mW with a spot size of
100 �m).

Fig. 3. Experimental and numerical curves of the influence of the incident
power on the mirror’s reflectivity (� = 1550 nm with a spot size of 100 �m).

of the nonlinearity can be a limiting factor when that mirror is
deposited at the end of an optical fiber for which the polarization
of the light cannot be controlled, so that the contrast between the
lower and upper states can be affected.

C. Intensity Dependence of Reflectivity

An excitation of the nonlinearity can be observed if the inci-
dent intensity on the nonlinear mirror is strong enough. Fig. 3
presents the experimental and numerical evolutions of the re-
flectivity against the incident power. The reflectivity of the non-
linear mirror switches from the lower state (with a reflectivity
of 40%) towards the upper state (with a reflectivity of 68%)
when the incident power is at least equal to 12 mW ( 10.8 dBm)
for a spot size of 100 m. However, this nonlinear threshold op-
tical intensity depends on the spot size in the mirror: if the spot
size was reduced to 10 m (by gluing an optical fiber on the
mirror, for example), the threshold would have been reduced
to 5 mW ( 7 dBm) if we consider around 6 dB of insertion
losses. One can also notice that the evolution of the gallium
mirror’s reflectivity can be fitted by a curve.

Fig. 4. Schematic illustration of a laser diode with external optical feedback.

Unfortunately, the nonlinear mirrors available are character-
ized by nonlinear thresholds too high in comparison with the
output power and the spot size of our lasers, so that these mir-
rors cannot be used like external reflector of a semiconductor
laser diode. But their characteristics are very encouraging and
actually, several researches are undergoing in order to realize
nonlinear mirrors in which the metal is confined in three dimen-
sions rather than in one (ie, in nanoparticules rather than at an
interface). This confinement could improve the characteristics
of gallium-based all-optical devices [21], [22].

All these encouraging results and researches on gal-
lium-based devices lead us to realize a theoretical analysis
of the dynamics of a semiconductor laser with NOF which is
provided by a gallium mirror.

III. THEORETICAL MODEL

A schematic sketch of the external cavity configuration is
shown in Fig. 4. A laser diode is exposed to optical feedback
from an external reflector (nonlinear mirror or conventional
mirror), located at a distance from the front facet of the laser
diode cavity. The feedback light is mixed with the original
field of the laser. The internal laser cavity and the external
reflector form a compound cavity. The laser is assumed to be
single-frequency.

The rate equations for such a coupled laser are known as the
Lang and Kobayashi equations [23]. However, the analytical ex-
pression of these equations depends on the feedback rate under
consideration. In the following, the theoretical model used for
the cases of weak to moderate external feedback and of strong
feedback is presented. Then, the analytical expression of the
nonlinear reflectivity uses in this study will be described.

A. Rate Equations for Weak to Moderate External Feedback

For weak to moderate external feedback, we assume that it is
sufficient to consider only one single round-trip in the external
cavity. The rate equations are given for the carrier density
and the complex electric field , where

is the laser field intensity and the phase

(1)

(2)
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TABLE I
SOME PARAMETER VALUES FOR THE LASER DIODE

USED IN THE NUMERICAL SIMULATIONS

These equations call for the physical constants described
below and whose values are given in Table I. and
are, respectively, the carrier density at transparency and at
threshold with . is the field
confinement factor, is the differential gain, and is
the linewidth enhancement factor. is the angular fre-
quency of the solitary laser at threshold. The nonlinear gain
is expressed as ,
where is the gain compression factor. is
the injection current density with V the volume of the active
medium. is the carrier lifetime at threshold. The photon
lifetime is determined by the full losses of the solitary laser:

. Here, corresponds to the
scattering losses in the active volume, is the group
velocity with c the speed of light in vacuum and the group
index of the active medium. The parameters and are
the power reflectivity of the left and right facets of the laser:

. corresponds to the external cavity
round-trip time, where L is the distance from the laser facet to
the external reflector.

The feedback parameter depends on the optical intensity
and is given by the following expression:

(3)

Here corresponds to the cavity lifetime, with
the laser diode length. and are, respectively, the am-
plitude reflectivity for the laser coupling facet and for the ex-
ternal reflector. f stands for the optical losses. This coupling pa-
rameter can be taken account by the external reflectivity without
loss of generality.

B. Rate Equations for Strong External Feedback

When an antireflection coating is added to the internal facet
(r2), the laser is considered to be under strong external feedback.
The rate equations, which were used previously to describe the

Fig. 5. Evolution of the nonlinear reflectivity with the incident power we have
considered in our simulations.

dynamics of the coupled cavity, are no longer valid and the fol-
lowing equations [24] are considered:

(4)

(5)

The feedback terms corresponding to the influence of the ex-
ternal nonlinear reflector can be written as

(6)

For weak external reflectivity, the expression presented on the
equation (1) is recovered since

(7)

C. Analytical Expression of the Nonlinear Mirror’s Reflectivity

In this study, the reflectivity, , of the nonlinear mirror
has been approximated by the following equation:

(8)

This simplification of the response of the gallium-based
device is still realistic (see the experimental curve presented on
Fig. 3) and allows the introduction of an analytical expression
of its intensity response that is presented on Fig. 5. This figure
shows that the reflectivity is increasing along with the power. For
a power variation of 4 mW ( 6 dBm), the reflectivity varies from
a lower state (20%) towards an upper state (80%). The power is
used and not the intensity, i.e., the effective area of the incident
beam is fixed. , corresponding to , is indicated.
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One can notice that the nonlinear reflectivity is governed by
three parameters: the average reflectivity

, , and the nonlinear threshold
optical intensity for which the reflectivity of the nonlinear mirror
switches from the lower state (with reflectivity ) towards the
upper state (with reflectivity ).

However, this expression of the nonlinear reflectivity does not
take into account the response of the nonlinear material. The
gallium, which is used to realize such mirrors, is characterized
by different time responses which have been experimentally de-
scribed by Petropoulos et al. in the reference [14]. In our study,
when this time response is taken into account, (8) is replaced by
the following expression:

(9)

As a consequence, the differential equation of is
added to the rate equations (1), (2) (or (4), (5) when the cou-
pling facet reflectivity is antireflection coated)

(10)

Here, corresponds to the nonlinear mirror temporal re-
sponse. This last expression will mimic the time response of
the nonlinear mirror, which is supposed to follow an exponen-
tial decay. We suppose here that the response of the mirror is
optically broadband. We will vary the time response and com-
ment its influence at the end of Sections V-B and C.

IV. MODAL STRUCTURE OF THE CAVITY

A. Modes of the External Cavity Formed by a
Nonlinear Mirror

The stationary solutions are the external cavity modes of the
laser and correspond to plane wave solutions of (1), (2), i.e., a
complex electric field in the shape when we
neglect the small contribution from the nonlinear gain suppres-
sion (i.e., ). The following expressions for the carrier
density , the optical intensity and the
angular frequency are found

(11)

(12)

(13)

When the laser is fed back by a conventional mirror, i.e.,
is a constant, the stationary solutions are lying on an el-

lipse in the (gain, pulsation) chart as illustrated by the two first
curves of Fig. 6. But this property is no longer valid when we
consider nonlinear optical feedback: the pump-dependence of
the feedback parameter implies that the stationary solutions
are lying on two curves described by the following expression:

Fig. 6. Repartition of the stationary solutions in the (gain, pulsation) chart.
The external cavity length is fixed at 6 cm and the injection current density at
J = 4 J (where J is the threshold current density of the solitary laser).
The stationary modes of the laser with nonlinear optical feedback are lying on
curves, which are surrounded by the ellipse of the laser with COF characterized
by r = r and r = r .

Here corresponds to the normalized gain,
is the normalized carrier density

and is the normalized optical intensity
. is the spontaneous

emission coefficient. with the threshold
current density for the solitary laser. And

.
The results of the numerical calculation of the exact solutions

are given in Fig. 6. A first consequence of the nonlinearity is to
distort the ellipse such that the higher part (located on the right in
Fig. 6) will correspond to the modes given for the lower reflec-
tivity of the nonlinear mirror, whereas the lower part (on the left
in Fig. 6) will correspond to a higher reflectivity. Moreover, one
may observe that the optical power nonlinear threshold can
dramatically change this representation by splitting the modes
and antimodes into two families.

Deformation of the ellipse (or of the modal structure) has also
been observed when a semiconductor laser is under the influ-
ence of weak filtered optical feedback [24], [25]. In that case,
the feedback strength is frequency-dependent and not intensity
dependent.

B. Stability Analysis

All the modes of the external cavity are not necessary stable.
Finally, the stable modes fulfilled the following condition (see
the Appendix for details):

(14)

One may notice that the stability condition established by
Lenstra [26] for COF can be recovered from the condition (14).
A more correct approach shows that the Lyapounov exponents
given by this method are only approximated solutions to the
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Fig. 7. Repartition of the modes and antimodes in the ((! � ! )�;�n )
chart for different values of the optical power nonlinear threshold. The nonlinear
mirror is characterized by: r = 20% and r = 80% and J = 2 J . The
modes are represented by circles whereas the antimodes correspond to crosses.

damping and oscillation frequency generated by the relaxation
to the stationary solutions [27]. Fig. 7 gives the repartition
of modes and antimodes in the chart for
different values of the optical power nonlinear threshold. Fi-
nally, when the stationary solutions are lying on one curve,
which shape is close to an ellipse, the classical results for the
compound cavity modes are observed: the modes are located
in the lower half of the ellipse, whereas the antimodes lie on
the upper half. If the solutions are splitted into two families,
then the solutions, which are located under the major axis of
the ellipse, are stable whereas the solutions located above this
axis are unstable.

V. ANALYSIS OF THE PULSE OPERATION

In order to evaluate the advantages and drawbacks that can
present the use of nonlinear optical feedback to achieve pulse
sources, we will present a study of the nonlinear optical feed-
back influence on the laser’s dynamics.

A. Pump-Dependence of the Modal Structure and
Mode-Locking

Before focusing on the dynamical behavior of a laser sub-
mitted to such feedback, we will describe the pump-dependence
of the modal-structure. This notable consequence of the nonlin-
earity improve the understanding of the observed phenomena.
The reflectivities of the nonlinear mirror considered in this paper
are close to what we are able to obtain experimentally at the
present time [10].

1) Pump Dependence of the Modal Structure: Fig. 8 illus-
trates the pump dependence of the modal structure of a laser
submitted to NOF. In this figure, the bias current of the laser
is varied from 1 to 10 when the laser is submitted to mod-
erate feedback. An increase of the pump current implies an in-
crease of the number of external-cavity modes: the size of the
ellipse enlarges as presented on Fig. 8. Fig. 9 shows that the new
modes and antimodes appear through saddle-node bifurcations
[28]. Moreover, when the output power of the laser is well above

, i.e., for high bias currents, the modes and antimodes of the

Fig. 8. Modal structure of the double cavity for different bias current. The
moderate feedback is characterized by r = 20% and r = 80% and
P = 0:55 mW.

Fig. 9. Evolution of the stationary solutions as a function of the normalized
bias current. The nonlinear mirror is characterized by r = 20% and r =
80% and P = 0:55mW and the bias current evolves from J and 10 J .

compound cavity tend to lie on an ellipse, which is very close
to the one obtained when the laser is submitted to COF.

Fig. 9(b) shows the distortion of the ellipse when the laser
bias current is varied. One can see, from the inset graph, that
the frequency of the modes and antimodes are slightly varying
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Fig. 10. (a)–(c) Phase portraits for a laser with nonlinear optical feedback. (d)–(f) Temporal evolution of the output power for different injection current densities.
L = 6 cm, r = 20%, r = 80% and P = 0:55 mW.

along with the bias current. This frequency shift is due to the
fact that the frequency of each external cavity mode is cur-
rent-dependent through the optical feedback, which is itself de-
pendent on the optical intensity. Note that this dependence may
be different from mode to mode, which can be detrimental to
mode-locking. In fact, as the current increases, the modes are
downwards shifted and the antimodes are upwards shifted. As a
consequence, the threshold of modes decreases with the current
whereas the threshold of antimodes increases.

The pump-dependence of the modal structure could explain
the difficulty to obtain trains of regular pulses. However, it
does not presume of the existence of a dynamical solution
(limit cycle) but it can give important information to realize, in
the future, optimized pulses sources based on the use of such
coupled cavities.

2) Observation of Self-Pulsating Regimes: Equations (1) and
(2) were solved directly using a fourth-order Runge–Kutta algo-
rithm. We consider a time increment of 1 ps. The initial con-
ditions are taken from (11)–(13). A trajectory of at least 1 ms
was discarded to allow for transients to die out. Finally, to sep-

arate the deterministic effects from stochastic ones, the random
noise terms have been neglected.

A nonlinear mirror, characterized by ,
, and mW and placed at 6 cm from the laser, is

considered. The different regimes observed for different values
of the pump current are presented on Fig. 10 using phase por-
traits and temporal evolution of the laser intensity.

When the laser bias current allows an output power around
the melting point of the gallium, the fed back laser is self-pul-
sating. However, if the output signal is too high or too low in
comparison with the nonlinear threshold, the nonlinear mirror
will be equivalent to a conventional mirror characterized by a
reflectivity or , respectively. More gen-
erally, for moderate feedback, no clear differentiation between
COF and NOF can be performed. If the bifurcation diagrams
obtained with NOF are definitely different from those observed
with COF, no general properties or specific behaviors can be
clearly identified. However, in a CW regime, the stationary so-
lution may be different from the “higher gain” mode as shown
in Fig. 10(a) and (b). [The bias current is (with the
threshold current of the solitary laser).]
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However, with NOF (within the used parameters), self-pul-
sating regimes can be observed when the laser bias current is
between 1.5 and 3.5 .

The different pulses observed are characterized by repeti-
tion-rates which correspond to a multiple of the inverse of the
round-trip time in the external cavity. Though, for ,
the pulses are equally spaced by 2.5 GHz and for

, the pulses frequency is equal to 5 GHz while it corre-
sponds to 7.5 GHz for .

Passive mode-locking is achieved in a small window of pa-
rameters as presented in Fig. 10(c). When the bias current is
around , the delayed phase difference
is constant as indicated by the straight line at 140 GHz. This
property implies that all the modes involved in this regime are in
phase. The phase portrait also illustrates that the instantaneous
frequency is describing a path located slightly above
the antimodes of the bottom ellipse, showing that the modes
involved in this regime, are those characterized by an impor-
tant gain. These observations prove that passive mode locking
can be achieved with NOF provided by a nonlinear mirror char-
acterized by a fast time response as it will be explained in the
following.

For , the pulse power is characterized by
a low-frequency modulation, as shown in Fig. 10(f). This fre-
quency is between 130 and 140 MHz, which corresponds to the
typical values observed with low frequency modulation (LFF)
regime [29]–[33]. However, LFF is characterized by an erratic
occurrence of power dropout whereas the mode dynamics is
quite regular in the regime observed with NOF. This result is
similar to the obtention of regular LFF when a modulation is
brought to the laser [34]. Fig. 11(a) shows that only a few modes
are involved in this regime: the delayed phase difference

switches at each round-trip from one stationary solu-
tion to another one. The train of pulses, enlarged from Fig. 10(f)
in Fig. 11(b) is then characterized by strong variations of the
instantaneous optical frequency, over a broad frequency range
( 200 GHz) as revealed in Fig. 11(a).

B. Observation of Regular Pulse Packages

If we assume that the nonlinear mirror has a temporal re-
sponse, a new type of regime appears. The temporal trace is
composed of very regular pulses but they are equally spaced
by 400 ps (2.5 GHz), which corresponds to the external cavity
round-trip time.

The pulses intensities are strongly modulated by a low-fre-
quency envelope, as illustrates by Fig. 12(a), so that they form
pulse packages. This regime has been already identified in the
dynamics of a laser with COF: it is called regular pulses pack-
ages (RPP) [35], [36]. The RPP obtained with nonlinear optical
feedback are characterized by two distinct frequencies, like for
COF:

• the pulses repetition frequency which corresponds to the
external cavity round-trip time;

• the RPP envelope frequency.
Fig. 12(b) shows the dependence of the RPP envelope frequency
on both injection current and nonlinear temporal response. In the
case of COF, Heil et al. have established a linear dependence of

Fig. 11. Characteristics of the pulse regimes achieved when a laser diode is fed
back by a nonlinear mirror (r = 20%, r = 80% andP = 0:55mW)
and is operating at J = 3:5 J . (a) Phase portraits and (b) temporal evolution
of the output power.

the RPP frequency on the injection current. This linear
dependence is still valid with NOF but only inside a short range
of injection current . Besides, CW
operation is achieved for injection current density lower than

whereas chaos is obtained for injection current density
higher than through train of irregular pulses.

When the temporal response of the nonlinear mirror is taken
into account, the dynamics of the laser submitted to NOF is then
modified. Even if pulse dynamics is still achieved, the nonlinear
mirror temporal response favors chaos and CW operation over a
wider range of parameters. We have noticed that for the mirror
under consideration, RPP can be achieved for a nonlinear mirror
temporal response lower than 70 ps and a laser bias current be-
tween and . As a consequence, the nonlinear
mirror time response is an essential parameter to achieve pulse
operation since, as we could guess, long time response implies
that self-pulsating regimes are more difficult to observe.

C. Harmonic Passive Mode-Locking

One of the main advantages of a nonlinear mirror over a
conventional mirror to feed back a semiconductor laser lies
in the achievement of harmonic passive mode-locking when
high feedback levels are taken into account. As a matter of
fact, whereas CW operation is achieved when the coupling
facet of a laser diode submitted to COF is antireflection coated,
harmonic passive mode-locking can be observed when the laser
is submitted to NOF. In the following, we will show that the
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Fig. 12. Characteristics of the regular pulse packages regime observed with the
following nonlinear mirror: r = 20%, r = 80% andP = 0:55mW.
(a) Temporal evolution of the output power for an injection current density J =

1:6 J and a nonlinear temporal response of � = 10 ps. (b) Dependence
of the RPP envelope frequency on the injection current.

characteristics of this regime depend both on the reflectivity
of the laser coupling facet and on the time response of the
nonlinear response.

1) Instantaneous Nonlinear Mirror’s Temporal Response:
The nonlinear mirror considered in this section is the same
that the one used previously. It is characterized in (8) by

, and a nonlinear threshold power of
0.55 mW. The laser operates at , which corresponds to the
bias current where passive mode-locking is achieved. Fig. 13
displays the evolution of the pulse repetition rates as a function
of the reflectivity for different external cavity lengths.

On Fig. 13, one may notice that the pulse frequency evolves
by “plateaux.” Each floor corresponds to a multiple of the ex-
ternal cavity round-trip frequency. So while the output facet re-
flectivity is decreased, the pulse frequency first corresponds to
the external cavity round-trip time, then to twice this frequency,
then to three times, etc. And this frequency multiplication is
available while the result is close to 20 GHz for the laser we
have considered in our simulations (see Table I). For example,
when the external cavity length corresponds to ps, a
3 GHz pulse repetition rate is observed, which corresponds to
the external cavity round-trip frequency when the reflectivity of
the laser coupling facet, , is between 4 and 20%. Then, for

a frequency doubling is achieved, since the pulse

Fig. 13. Pulse frequency evolution against the laser coupling facet reflectivity.
J = 2 J and the nonlinear mirror is characterized by: r = 20%, r =

80%, and P = 0:55 mW.

frequency is equal to 6 GHz while for it cor-
responds to 9 GHz. Then, for the pulse fre-
quency evolves from 12 to 15 GHz, then to 18 GHz and finally,
it reaches 21 GHz. And if the output facet reflectivity is still de-
creased, the output power becomes stable as for conventional
optical feedback. Note that if we consider a single-mode dis-
tributed feedback (DFB) laser with a given optical bandwidth of
100 GHz, then the permitted number of external-cavity modes
will be at least 5 and the temporal width will be 4.4 ps with an
approximation of Fourier transform gaussian pulses.

By adding an antireflection coating on the coupling facet of
a semiconductor laser fed back by a nonlinear mirror, harmonic
mode-locking operation can be observed. Depending on the
antireflection coating, pulsewidth of 10 ps for a repetition
rate as high as 20 GHz can be reached. However, these results
have been established considering an instantaneous temporal
response of the nonlinearity. And as explains in the following
section, the characteristics of this regime strongly depend on
this temporal response.

2) Finite Time Response of the Nonlinear Mirror: If we con-
sider the same nonlinear mirror than the one previously used but
characterized by a temporal response of its nonlinearity [given
by (10)], we observe the behaviors displayed on Fig. 14. Sim-
ilar behaviors to those obtained with an instantaneous temporal
response of the nonlinearity are achieved: the laser is mode-
locked for a wide range of reflectivities of the coupling facet and
the pulse frequency depends on these reflectivities. However,
we cannot achieve harmonic mode-locking with repetition rate
higher than 15 GHz against the almost 20 GHz observed with
the mirror characterized by an instantaneous temporal response.
We can see, as underlined by the Fig. 14, that as the temporal re-
sponse increases, the higher repetition rate that can be achieved
decreases. In fact, for ps, this maximum is equal
to 6 GHz and for ps, the harmonic mode-locking
regime disappears in the favor of a CW regime. We then observe
a laser dynamics similar to the one achieves when the laser is fed
back by a conventional mirror. More investigations are needed
to explain this harmonic mode-locking and to know if the re-
laxation oscillation plays a role in the interaction between the
external-cavity modes.
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Fig. 14. Pulse frequency evolution against the laser coupling facet reflectivity
for finite time response. The nonlinear mirror is characterized by: r = 20%,
r = 80%, and P = 0:55 mW. A bias current of J = 2J and an
external cavity length of L = 5 cm have been considered.

VI. CONCLUSION

A theoretical analysis of the self-pulsating regimes, and more
precisely of the harmonic passive mode-locking, achieved when
a laser is submitted to NOF has been presented in this paper. We
have established that the modal structure of a laser submitted
to nonlinear optical feedback is both dependent on the mirror
characteristics and on the pump current. This property, which
has never been underlined as far as we know, leads to a laser
dynamics which differs from the one observed with COF. The
use of NOF permits to achieve pulse regimes for a wide range
of operating point (i.e., laser bias current from 1.5 to 3.5 ).
These regimes, which have been analyzed considering both in-
stantaneous and non instantaneous temporal responses of the
nonlinear mirror, are mainly characterized by an intensity mod-
ulation of the pulse power whatever the value of the injection
current density is. However, if an antireflection coating is added
on the laser coupling facet, as it is the case in most of prac-
tical realizations of pulse sources based on laser and optical
feedback, the intensity modulation previously observed disap-
pears in favor of a passive harmonic mode-locking operation.
We have established that such a regime allows the generation
of short pulses (with a duration around 10 ps) with repetition
rates as high as 20 GHz, for the laser considered in our simu-
lations. But the characteristics of this regime strongly depend
on the nonlinear mirror’s temporal response: as the temporal
response increases, the harmonic mode-locking regime disap-
pears in the favor of a CW regime. This last property, linked to
the temporal response, is similar to the behavior observed when
a semiconductor laser is coupled to a saturable absorber.

Finally, due the shape considered for the nonlinear mirror re-
sponse, the results presented in this paper can be extended to all
kinds of nonlinear mirror and not only to gallium-made mirrors.
We can though imagine to realize pulse sources using a semi-
conductor laser fed back by a highly nonlinear fiber.

APPENDIX

The stability analysis of a given solution is done by a linear
expansion around that solution and by analyzing the zeros posi-
tions of the corresponding system determinant , following

the values of a parameter such as the injected current. A com-
plex zero implies a characteristic time dependence pro-
portional to when a small perturbation is applied to the
initial stationary solution. Thus, the criterion for stability is that
all zeros of lie in the left half of the complex
s plane. The system determinant is commonly given by

(15)

where , , , and have the following expression:

The stability analysis of one mode consists in the resolution
of the equation , which has an infinity of zeros be-
cause of the term. However, if all the solutions fulfil
the condition , then the system determinant can be
reduced to a third-order equation

(16)

where and are expressed as
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